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I. INTRODUCTION

Use of the finite elesent sethod for solution of soil consolidation probless is well established. Since
the first application of this sethod [1,2), considerable progress has been made in the theoretical forsulation
as well as the cosputational procedures. Recent advances include variational forsulations adeitting limited
saoothness of finite elesent bases [3,41, experisentation with several different spatial interpolation scheses
[5-91 and investigation of various tesporal approxisation sethods [4,9-151. The finite elesent sethod has been
applied to soils exhibiting secondary cospression (8,11,131, nonlinear soil behavior (13,14-201, and to finite
deforaation [16,18,201. Developaents in solution procedures include use of Laplace transforss [10,11,14],
automatic selection of the tise-step size [13) and the use of single variable forsulations (21,22). Other
developsents cover use of boundary elesent sethods [23,24], allowance for infinitely distant boundaries,
saterial interfaces, etc.

One particular aspect of the finite elesent procedures for soil consolidation has been the difficulty in
reproducing accurately the pore-water pressures near loaded free-draining surfaces imsediately after
application of loads at these surfaces. This can be troublesose in probleas involving inelastic soil behavior.
Yokoo’s [23] forsulation, not requiring the fluid pressure to satisfy the prescribed boundary condition at the
free-draining boundary gave good solution imsediately after leading. Bucheaier’s [26) studies showed that
transition elesents, using higher order interpolation, near loaded boundaries had only limited success.
Verseer [27] suggested that the fluid pressure boundary condition be enforced as a ‘rasp’ condition to liamit
the error.

Herein we report nuserical perforsance of another approach to developsent of finite elesent procedures to
satisfactorily sodel the pore-pressure distribution in the vicinity of free-draining loaded surfaces. It
consists of using ‘singularity’ elesents. In the second section we state the two-field forsulation of the
boundary value problea of consclidation of linear elastic soils. The third section contains a discussion of
the probles of detersining the pore pressures in the vicinity of a free-draining loaded surface and a
description of ‘singularity’ elesents. The nuserical perforsance of several variants of the schese in
solution of one-disensional consolidation is discussed in the fourth section. The fifth section lists the
conclusions arrived at as a result of this investigation.
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I1. EQUATIONS GOVERNING LINEAR ELASTIC SOIL CONSOLIDATION

I1.A The Ditferential Eguations

Assusing pore water to be incompressible, the equations of force equilibrius of elementary voluses and of

o nass continuity say be written in standard indicial notation as ({,7,281:
[ ]
[E u 1+ ¢pf =0 (1)
klij k,d i .5
! K (T +ff)] wo =90 (2)
o~ ii 0 '2i ,i i,i
A
,':'::; 5 vhers ui"i'Eklij'Kji denote the cartesian cosponents, respectively, of the displacesent vector, the body
‘,: - force vector per unit sass, the isothersal elasticity tensor and the perseability tensor. P is the sass
.’-; - density of the saturated soil and Pz that of water. T is the pore water pressure. With these field equations
o i we associate the following boundary conditions:
&
e w =0 o 3
YRS i i 1
o
> A
L. t =0 +TMWE ) =t on§ #
K O TR T Y S
T A
NN T=Ton s (5
2_1 RN 3
b - A
‘ 0=qn =Qo0n$ (é)
e ‘ ii ] ,
R
-‘ where Su, sZi are cosplesentary subsets of the boundary of the spatial region of interest and so are Ss, s‘.
N - Discretization of the governing function for the two-field forsulation (3,291 followed by application of
3 A
4 the variational principle leads to the following matrix equations {1,29,301:
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’: (u(tl)), (u(to)) = vectors of nodal point values of the coaponents of displacesent at tise tl, to
,. : .. respectively;

" . mtl)), ﬂftto)) = vectors of nodal point values of the pore water pressure at tises t1, to
NN respectively;
-.:': ) ”l) s the vector of nodal point loads including applied nodal loads, boundary tractions, body

- - forces, initial stresses and effect of displacesent constraints;
.:} ‘ (le = the vector of nodal point fluxes including applied nodal fluxes, boundary fluxes, body

“"‘ force effects and effects of speciaafied pore water pressures;

- N {K1 = the spatial ‘stitfness matrix’ for the elastic soil;

o . (K] = the spatial *flow matrix’ foro(At = I;

:: :'-I'E: o s the coefficient characterizing single step tesporal discretization; o )5 for stabilit

‘E . [C) = the coupling satrix representing the influence of pore water pressures in the force

ot % equilibriua equation;

A

:'S o [Clrs the coupling satrix represeating the influence of soil voluse change upon the nodal point
H o fu.

j.'; . The satrices (X1 and (X depend upon the interpolation scheses for displacesents and pore water pressures,

. respectively. The coupling satrix [C] involves spatial interpolation for both the field variables. The

:.-:-' teaporal discretization for the single step schese is reflected in the value of the coefficient .

:’3 ‘j‘ Equation (7) includes the ‘natural’ boundary conditions lxpressed by Equations (4) and (4). Equations (3)
L and (5) are satisfied by explicitly requiring ni = ni on S1 and Tl'='ﬂ'on ss.

52 . 1L:} Seatial Intersolation
':‘ . The basic interpolation schese used in the present study was the 8-4 quadrilateral elesent introduced by
.:-:. :j Sandhe (7,301, In this elesent, the displacesents have biquadratic lagrange interpolation and the pore water
- pressure has bilinsar lagrange interpolation which is isoparasetric with the elesent geosetry. In this report,
:.'_ this procedere is referred to as the standard PS84 procedure.The singularity elesents used near the loaded
:3,' " free-graining surfaces will be described in the next section.
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II1. PORE-PRESSURES NEAR LOADED FREE-DRAINING BOUNDARIES

I11.A Preliminaries

Issediately after application of a surface load to a free-draining boundary, the excess pore water
pressure resains zero at the surface but has a very steep gradient and rises, over an extresely short distance
into the soil sass, to a sagnitude comparable with the applied stress. Finite element interpolations cossonly
used do not have [29] the capability to sodel this locally high pore pressure gradient near the surface.
Atteapts to overcome this difficulty have included use of variational principles where the pressure field is
not required to satisfy the specified boundary condition [251, using fine sesh near the loaded surface, and
using higher order interpolation near the loaded surface [24]. None of these gives satisfactory results.
During consolidation of nonlinear soils, the stress solution at any tise step defines the mechanical behavior
for the next step. Therefoe, it is isportant to get sufficiently accurate element stresses at each time step.

In the work reported herein, an alternative approach based on use of special ‘singularity elesents’ was used.

UL.B Sinqularity Elesents

Singularity elesents, using special interpolation schemes which reflect the actual variation in the
variables, have been extensively used for analysis of fracture where the stresses are unbounded at the crack-
tip. Hughes and Akin [31] proposed special functions for point as well as line singularities. In the present
work only line singularity was considered in the context of a two -disensional problea.

Consider the sequence of functions

n
fix) =1-x 8)
n
over the dosain [0,1). Figure { shows the plots for n=0 through 5. In the limit as n—)eo, § (x) =1 for x in
n
the interval (0,1) and =0 at x=1. This is the type of discontinuity encountered in consolidation analysis. Two
types of singularity elesents were considered.

I11.3,i The two-node sinqularity elesent
In one disension, over range [0,1], the singularity elesent would use interpolation functions
non
1’! ) X

where 0 is sufficiently large. For n=! this reduces to linear interpolation. Noting that the error in pore
water pressures near loaded free-draining boundaries is of relevance only issediately after loading and decays
with advance in the tise dosain, it appeared reasonable to use a composite element which would approxisate the
sinqularity for ssall values of the ‘elapsed tise’ after loading and reduce to linear interpolation for large

|
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W B values of the tise variable. This led to use of variants of the type

n
flx)=1-ax-(1-a) (9)
n

2

where a=0 approxisates the sinqularity elesent and a=1 gives linear interpalation. Thus, the coefficient a has
to be assigned a value growing with tise from 0 to 1. The schese investigated was based on

RS |

a=1-expl-aT) (10)

where & is a scalar coefficient and T the non-dimensional ‘tise factor’. The investigation covered a range of
values of n and ».

- 111.B.ii The three-node sinqularity elesent
This elesent would directly involve three functions, viz.,
| n |
J 1, 2,

LY
a’a

vhere n is sufficiently large. This was expected to include linear interpolation and approximation of the \
singularity at the sase tise.

oL

N .
‘,

[1.B.ifi Intergolation functions for the guadrilateral singularity elesents

Special 8-4 and 8-6 elesents were used to sode! the sinqularity. Figure 2 shows the arrangesent for the
\4 two elesents. The line sinqularity implies singularity in one variable only. In the following we assuse this
to be the variable t. For the 8-4 element the interpolating functions are:

)

n
N} = ((l-s)(l-t )

{1 tn)
[ s{]~-
N ’ ()

= n
N st

- n
o~ -t
&

where the range of s, t is [0,1]. If the variant expressed by Equation (9) is esployed;
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Ny For the 8-5 elesent, the interpolating functions are:
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.
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IV. NUMERICAL PERFORMANCE

I¥.4 Introduction

Several investigators [33 thru’ 391 have used the finite elesent nethod to obtain approxisate solutions

to the problem of soil consolidation, lsing different inierpnlation scheses all have generally reported

success with whatever schese they used. Comparative evaluations of different scheses are rare. Sose
coaparisons of nuserical perforsance were attespted by Sandhu (7,81, In evaluating various procedures, Sandhu
[29] proposed that the following criteria be used.

i. The interpolation sclleie aust confors with the assueptions regarding continuity and differentiability
used in setting up the governing variational forsulation.

fi. It should be possible to generate the ‘undrained’ solution i.e., the state of fluid pressures and
displacesents at tise t=0+,

fii. For sufficiently small tise steps, the schese should be insensitive teo the choice of the tise step
size.

The 8-4 elesent is known to satisfy all the three conditions [7,8,29] except that near drained loaded
surfaces, the solution at t = 0+ has an error which decays with advance in the tise dosain [71. If the

solution issediately after loading was of no interest, the 8-4 interpolation schese would be adequate.
Howaver, if accuracy of the solution at t=O+is important (e.g. in nonlinear or cyclic consolidation),
sodifications to the elesent interpolation scheme are necessary. Indeed this was the primary motivation for
the present investigation.

1B The Exasple Probles
The procedures described were applied to Terzaghi’s probles of one dimensional consolidation. For this

probles, the theoretical solution is known and, therefore, precise cosparisons were possible. The disensions
of the consolidating soil colusn and the soil properties were the sase as in Sandhu’s exasple (7). Fiqure 3
shows the soil colusn. Figure 4 shows the finite elessnt model. The tise dosain was partitioned as tabulated
below:

Istepof At =0toget the ‘undrained’ solution

1 step of At = 0.00001 over (0.0,0.00001]

1 step of At = 0.01 over (0.00001,0.01001]

9 steps of At =0.01 over [0.01001, 0.10001]

10 steps of At =0.1 over [0.10001, 1.10001)

10 steps of At =1.0 over [1.10001, 11.10001]

9 steps of At =10.0 over [11.10001, 101.10001]

10 steps of At =100.0 over [101.10001, 1101.10001]
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8 steps of At =1000.0 over [1101.10001, 9101.10001]

IV.C Results of the Analysis

The exasple probles was solved using the special sinqularity elesents described earlier. The solution in
each case gave nodal point values of the pore pressures. The error in the solution was non-disensionalized
through division by the applied surface load.

Figure 3A and Tables IA,ID show the history of pore water pressure using the 8-4 elesent with functions
of the type expressed by Equation (8) at depth .03H below the top free-draining boundary of the soil colusn of
height H. Results show that the ‘imsediate’ pore water pressure obtained by this sethod was more accurate than
the that obtained using the PSB4. However, the pore pressure dropped sharply after application of the load and
accuracy in pore pressures was worse than that of PS84 in later tise stages. Apparently, the error in pore
pressure at later tise stages was due to the absence of the linear ters from the interpolation schese. For
tine factor values upto .03 the error reduced with n increasing upto 5. For tise factor values greater than .3
the srror increased with increasing n.

Figure 5B and Table IC show the results at a point .06H below the loaded surface. Figure SC and Table ID
give the results at a depth of .09. As would be expected, the error at these points is throughout saaller
than at .03H. The pattern of dependence upon n and the value of the time factor is essentially .pn 23 the
sase,

To combine the ability of the sinqularity interpolation to give accurate ‘issediate’ pore pressures and
the accuracy of the PS84 elesent for later time stages, it appeared reasonable to set up shape functions such
that the elesent has the characteristics of the singularity elesent at sarly stages and thess change to thaose
of PS84 as tise increases. For this reason, shape functions of the type expressed by Equation (%) were
developed. Figures 5A thru’ &F and Tables 2A thru’ 2U show the effect of variation in a for values of n equal
to 5,10,13,30,40 and 48. Figures 66, & and Tables 20, 2 give additional informstion, for n equal to 48, for
the locations .06H and .0 below the surface.

Figure 7 compares the results for various values of n paired with the optisal (out of the set tried) value
of o in wach case. The least error in initial pore pressures was realized for n=48, n=40. However, the error
uas seen to grow with tise. The best overall accuracy was obtained for n=30, #=32.5. For this case, the
saxisiua error was less than three percent. Figures 8A thru’ 86 show the spatial variation of error ia the
calculated pore pressures for this choice of n,a.

Figures 98 thru’ 9D and Tables 3A thru’ 3D illustrate the results obtained using the B8-6 singularity
elesent. Accuracy of the pore pressure at any location of the entire soil colusn except .03H and .OI1SH below
the loaded surface is qood. At later time stages also the pore pressures cospared well with the exact solution
and did not differ such from the results of the PS84 slesent reqardless of the value of n (s0 long as it was
greater than 3} in the singularity elesent; n=10 gave the best results.



VA0

AR~

[N

AL N

L S N

KMt

- M

~
~
“
4
s

o

"

| Sy

e

=

e

Exact evaluation of the element satrices requires the Gaussian quadrature to use a nusber of integration
points equal to the index n (for n an integer). This can be quite expensive. The CPU tise using 48 integration
points for only one elesent was about 50 percent more than that for the PS84 systes. To reduce cosputational
costs, use of reduced integration order for the 8-4 elesent, using interpolants in Equation (8) was
investigated. The error in pore pressures, using five point integration, increased with n upto 20. Beyond this
value of n the error decreased. The best results were obtained for n equal to 62.5. The results are sussarized
in Figures 104 thru’ 10C and Tables 4A thru’ 4D.

V. CONCLUSIONS

Nuserical perforsance of the several scheses that were investigated indicates the following:

i. The 8-4 singularity elesent using shape functions based f(x) = l-xn gives good values for the
‘issediate’ pore pressures but at later tise stages the results are in error. Accuracy in pore water pressures
at all tiee stages was isproved using reduced order of quadrature for sufficiently high value of n.

ii. The 8-6 ‘singularity’ elesent using shape functions based on f(x)=a+bx*cxn, yielded good values of
the pore pressures at all tise stages for sost of the soil colusn. However, at locations close to the loaded
surface, the error was quite large. This sakes the schese unsatisfactory,

iii. Accuracy in pore pressures at all tise stages can be achieved using the 8-4 ‘singularity’ elesent
whose shape functions are based on #(x) = | - ax - (l-a)xn, in which the coefficient a = { - exp(-aT). This
cosbines the best characteristics of the singularity elesent with those of the PS84 elesent.

The foregoing conclusions are based on study of a one-disensional probles. It is isportant that the
procedures be extended to probless of two and three disensions (point sinqularities as well as surface
singularities) before firs recossendations for routine use of certain elesents can be sade. More investigation
is also needed in the selection of indices n and o used in the forsulation. Further, realizing that the
consolidation of soils is a decay process, use of sore that one exponential teras in the tise dosain could
possibly enhance accuracy. Use of reduced integration in conjunction with interpolation of the type fix) =1 -
a-(l- a)xn, if successful, would reduce the computational costs.
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FIGURE 5SA DISTRIBUTION QF THE ‘RELATIVE®' ERROR IN
PORE PRESSURE (Special 8-4 Element ,
Shape Function based on f(x)= 1-x )
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